It is usually assumed that hydraulic fracture has two symmetrical wings with respect to the fluid injection point. Hence, authors limit themselves to modelling of one half of the fracture. In our work we demonstrate that the case of a symmetrical fracture occurs only in a homogeneous reservoir with constant physical parameters and confining in situ stress. Otherwise, inhomogeneity in the stress or the rock permeability can significantly change the dynamics of the fracture propagation. The mathematical model of the hydraulic fracturing used in the paper is adopted from our earlier work [8] . In present paper we perform numerical experiments demonstrating that in case of non-constant confining stress or reservoir permeability the fracture is developing non-symmetrically. An important role is played by the action of the backstress that is formed near the fracture due to the pore pressure. To support this observation we give a formal definition of the backstress and compare the values of the backstress acting on the two different fracture wings. These numerical experiments underline the importance of the proper modelling of the interaction between pore and fracturing fluids for the correct simulation of the hydraulic fracturing.
Introduction
Hydraulic fracturing is the process of creating a fracture due to pumping a highly pressurized fluid in a rock formation through a wellbore that is commonly used for intensification of hydrocarbon production. Widespread use of hydraulic fracturing in low-permeable reservoirs explains the demand for mathematical modelling of the fracturing process. Compared to the classical models of brittle fractures, hydraulic fracture theory describes the fluid flow within the fracture coupled with the fracture opening and extention, exchange of the fracturing fluid with the pore fluid, influence of the pore pressure on the stresses, etc.
The recent progress in modelling of hydraulic fracture dynamics has been described in review papers [1, 6] and citations therein. The complexity of the hydraulic fracturing process and the requirement that the model should be ready for engineering use (i.e., it should give a result within a reasonable calculation time on a personal computer) leads to the necessity for various simplification assumptions. For example, the widely used models of Khristianovich, Zheltov, Geertsma and de Klerk (KGD) [12, 7] and Perkins, Kern and Nordgen (PKN) [10, 9] assume that the fracture is propagating in infinite elastic medium, that no influence of pore pressure is taken into account and that the fracture propagates along a straight path such that it has two symmetrical wings relative to the point of fluid injection. The same symmetry assumption is used in most modern papers that are based on Biot's poroelasticity model [4] .
Although the assumption of the fracture symmetry is natural in many situations, it can be violated by a non-constant confining stress or inhomogeneous physical parameters of the reservoir. The goal of the present work is to perform a sensitivity analysis of the fracture dynamics to the above-mentioned factors.
In this paper, we use a numerical model that describes the propagation of a hydraulic fracture in an inhomogeneous poroelastic medium subjected to the non-constant confining stresses proposed in [8] . The model is based on Biot's poroelasticity equations [2, 3] , supplemented by the lubrication equation for fluid flow within the fracture. An exchange of fluid between the fracture and the reservoir is described by the boundary conditions over the fracture's walls.
The correct interactions between the filtration, pore pressure and stresses within the reservoir are guaranteed by the corresponding terms in the stress tensor and in the model equations.
At first, we show that the non-uniformness of the confining in situ stress leads to a non-symmetrical fracture. The fracture propagates in the direction of the lower in situ stress even for a very small stress contrasts that are of the order of 1%. Next, we demonstrate that the non-uniform confining stress acting on the fracture's walls can be provoked by the difference of the backstress due to the inhomogeneity of the physical properties of the reservoir. Indeed, the difference in the permeability of the rock leads to the variability of the fluid filtrations into the reservoir. In turn, this generates a difference in the backstress due to the action of the pore pressure. In order to quantify its influence, we give a formal definition of the backstress and calculate its value over both wings of the fracture. It is shown that the backstress can be of the same order as the in situ stress and, thus, can modify the fracture dynamics. Basing on the series of the numerical experiments we make the conclusion that the account for the inhomogeneity of physical properties of the reservoir as well as the proper modelling of the interaction between the pore pressure and elastic stress within the reservoir are important for the correct modelling of the hydraulic fracturing.
Mathematical formulation of the problem
The poroelastic rock is described in terms of the porosity φ and the permeability k r (x), with the solid phase displacement u(t, x). Pores are saturated by a single-phase Newtonian fluid with the effective viscosity η r . The pore pressure is denoted as p(t, x). We use the linear Darcy law for the fluid velocity q = −(k r /η r )∇p. It is supposed that fracturing fluid is also Newtonian with different viscosity η f . However, it is assumed that at the process of filtration of fracturing fluid to the reservoir, the infiltrated fluid has the same viscosity as the original pore fluid. This assumption is motivated by the observation that The vertical planar hydraulic fracture is supposed to have a constant width along the vertical coordinate so that the plain strain approximation is applicable.
We choose the coordinate system such that x-axis coincides with the horizontal direction of fracture propagation and z-axis coincides with the vertical direction.
Fluid is injected into the fracture through the vertical wellbore that is located at x = 0 such that z-axis is located in the centre of the wellbore. We suppose that the fracture's aperture is equal to 2w(t, x). According to our assumptions the plain strain approximation is applicable so that we can limit ourselves to the 2D problem in the cross-section by plane z = 0.
The governing equation of the quasi-static poroelasticity model can be written as:
Here E(u) is the Cauchy's strain tensor 2E(u) ij = ∂u i /∂x j + ∂u j /∂x i (i, j = 1, 2), α is the Biot's coefficient, λ(x) and µ(x) are elasticity moduli, I is the identity tensor, τ 0 (x) is a tensor of the initial prestress due to the in situ formation geological stress. The storativity S ε reflects the dependence of the Lagrangian porosity φ on = tr E and p as [5] :
where K = λ + 2µ 3 is the bulk modulus, φ 0 is the initial porosity. Due to the plane strain approximation, the solid phase displacement vector u = (u 1 , u 2 ) = (u, v) is two-dimensional, all vector operations are also taken in 2D space of independent variables x = (x 1 , x 2 ) = (x, y).
Symmetry of the problem with respect to Ox-axis allows solving equations Figure 1 .
Over the outer boundary Γ R = {∂Ω ∩ y > 0} the confining far-field stress σ ∞ is applied and the constant pore pressure p = p ∞ is prescribed:
Henceforth n and s denote the outer normal and tangential unit vectors to the boundary of the domain Ω; the summation over the repeating indices is implied. In this paper we regard the case
where σ max ∞ and σ min ∞ are the maximal and minimal principal in situ stresses, respectively, e 1 and e 2 are unit vectors along the coordinate axis. We assume that the prestress τ 0 satisfy the same boundary condition:
occupied by the fracture and the remaining part Γ s = {−R < x < −L (t), y = 0} {L r (t) < x < R, y = 0}. Outside the fracture on Γ s the symmetry conditions (see. [11] ) are satisfied:
With p f (t, x) standing for the fluid pressure inside the fracture, the force balance over the fracture's wall yields
where σ coh is a cohesive stress implementing energy dissipation and material failure during fracturing [8] . Here we neglect the tangential stress due to the fluid friction on the fracture's walls in comparison to the normal stress. The fluid flow in the fracture is governed by the mass conservation law complemented with the Poiseuille formula:
Here w is a half of the fracture's aperture, q is the fluid velocity in x-direction.
No fluid lag is assumed at the fracture tip.
The leak-off velocity q l is given by the Darcy law as
The resulting equation governing the flow inside the fracture reads
The flow rate (per unit height) injected into the fracture upper half-plane is calculated as
where the division by 2 shows that the total flow rate is equally distributed between the symmetric fracture's parts for positive and negative y and Q v (t) denotes the volumetric flow rate injected into the well. Equation (8) is referred to as the lubrication theory equation [1] .
The initial data at some moment t 0 reads:
For computational reasons, it is convenient to homogenise the conditions over the outer boundary Γ R . It can be done by considering the stresses inside the reservoir relative to the prestress state τ 0 and taking p ∞ as the reference pressure. Similar to [11] , the following new sought functions are introduced:
Substituting (11) into equations (1) and taking into account boundary conditions (3), (4), (5), (8), (9), we obtain the following problem
In what follows, we work with the new sought functions skipping the tilde for simplicity of notations.
In this paper we do not discuss the details of the numerical algorithm for computation of the fracture propagation, nor the implementation of the rock failure criteria, referring the reader to paper [8] where the numerical algorithm is described in details and verified against known solutions.
The formal definition of the backstress
It is commonly accepted that the pressure of pore fluid creates the so-called backstress that impedes the deformation of the poroelastic medium. In paper [8] this property was formulated as the thumb rule 'pore pressure stiffens the rock'. In this section we give an analytical expression for the backstress and demonstrate its action on a simple exact solution describing one-dimensional compression of a layer of a poroelastic medium. In the forthcoming sections this estimation is used for the numerical calculation of the backstress and interpretation of the simulation results for fracture propagation in heterogeneous medium.
Let us represent the displacement vector u and the stress tensor τ as
Given the pore pressure p defined by a solution of the problem (12)- (18) we demand tensor σ p to satisfy the following boundary value problem:
Tensor σ p describes the stress caused purely by the "volume force" α∇p that corresponds to the action of the pore pressure and does not contribute to the fracture openning. Hence, the remaining tensor σ r satisfies
Tensor σ r describes the deformation of the elastic skeleton of the reservoir, subjected only to the boundary load over the fracture and to the prestress τ 0 .
The underlined terms in the expression for the normal boundary stress over the fracture Γ f in (20) correspond to the additional pressure on fracture's walls due to the presence of the pore pressure. We treat these two terms as the analytical expression of the backstress. (12)- (18) and tensor σ p satisfying equations (19) the following stress acting over the fracture wall
is referred to as the backstress.
Let us demonstrate this definition on an exact solution of a model problem.
The statement of the problem reads as follows. Consider a poroelastic specimen in the shape of a parallelepiped located between two pairs of parallel rigid impermeable walls. One end of the specimen rests against a rigid impermeable bottom. The opposite end is covered with fluid under pressure p 0 (t). It is required to find the stress and the pore pressure within the specimen (see Figure   2 ).
For the solution of the stated problem we place the Cartesian coordinate system as shown in Figure 2 such that the bottom and the top ends of the specimen correspond to z = 0 and z = L respectively. We assume that deformation of the specimen takes place only in the vertical direction z:
At that, the strain tensor has only one non-zero component:
Under this assumption the equilibrium equation div τ = 0 with the boundary
Substitution of the derivative ∂w/∂z from equation (22) into the equation for the pore pressure (the second equation of (1)) yields
Equations (22), (23) are to be solved with the following boundary conditions:
Integration of equation (22) gives the expression for the displacement of the upper boundary of the specimen:
The first term in (25) corresponds to the exact solution of the problem for the pure elastic medium (no pore pressure, α = 0), whereas the second term describes the action of the backstress. Hence, in this solution the backstress can be naturally defined as
Note, that the backstress acts against the compressive stress p 0 (t).
Let us now obtain the same formula by using definition (21). For the displacement vector under the same assumption of one-dimensional deformation we have u p = 0, 0, w p (t, z) T . The problem for the stress tensor σ p is reduced
Here p(t, z) is the pressure given by the solution of equation (23) with the boundary conditions (24). The solution of problem (27) reads
Hence, 
Later in this paper we use the definition (21) for the numerical calculation of the backstress.
Heterogeneous reservoir
Let us now use the described model to study the influence of the inhomogeneity of the reservoir's physical properties and of the variable in space confining stresses on the fracture propagation. In the numerical experiments we assume that the prestress has the form
where σ max ∞ is constant and σ min ∞ (x) is a piecewise constant. Following [8] , it can be shown that σ max ∞ does not affect the final problem solution. The physical parameters used in simulations are listed in Table 1 , unless otherwise noted.
Closure stress contrast
First, we demonstrate how the non-constant minimal in situ confining stress influences on the symmetry of fracture's wings. We divide the reservoir to two layers: the right one for x > 0 and the left one for x ≤ 0, and suppose that the minimal confining stress σ min ∞ is different in each layer due to some geological or physical reasons (see Figure 3) :
The goal is to check if the fracture would propagate non-symmetrically in view of the non-symmetry of the outer stress. Keeping the confining stress The result of the simulations is shown in Figure 4 , where the pressure and the fracture half-width distribution along the fracture at t = 1800 s are presented.
One can see that increase of the contrast of the confining stresses σ The explanation of the non-symmetry is straightforward: the fracture aperture (see Figure 4 (b)) on the right-hand side is wider due to the smaller confining stress. Higher aperture results in the smaller hydrodynamic resistance to the flow. In combination with the higher pressure gradient right to the injection point (see Figure 5 ) this generates an enhanced flow directed to the right wing of the fracture. Therefore, the left fracture's tip almost stops due to the lack of the fluid inflow (see Figure 6 ).
This numerical experiments evidences that even a small contrast of confining stresses causes the significant non-symmetry of the fracture wings, especially for large fractures. The difference of the confining stresses acting over the two wings of the fracture can be caused not only by the difference of the in situ stresses, which might be observed as non-natural from the geological point of view, but also by the non-uniformity of physical properties of the reservoir due to the difference in the backstress caused by the pore pressure. This effect is demonstrated in the next section.
Permeability Contrast
It was demonstrated in paper [8] and in Section 3 above that the pore pressure plays the significant role in the stresses redistribution near the fracture.
Action of the pore pressure can be treated as an additional stress applied to the fracture's wall due to the pore pressure within the reservoir.
The numerical experiment of the previous section demonstrates that the difference in the confining stress causes the non-symmetry of the fracture even for small contrast of the stresses acting on fracture's wings. In this section we demonstrate how this effect can be caused by the difference of the backstresses due to the difference of the rock permeability in the neighbouring layers.
For the numerical experiment we construct the reservoir with two layers (see Figure 7 ) that have the following permeabilities:
Here x = x * > 0 denotes the border between the layers, shown as the brown solid line parallel to the y-axis in Figure 7 . Thus, the leakoff from the fracture into the reservoir is higher in the left layer. For the reasons that will be clarified later, we put the barrier for the fracture development at x = −L max as shown in Figure 7 . Presence of the barrier implies that in the numerical experiment the fracture cannot penetrate the barrier (it models either a high-toughness material or a layer with a very high confining stress).
Our goal is to study the dynamics of fracture propagation depending on the location x = x * of the border between the layers relative to the injection point.
In the first experiment we place the layers' border close to the injection point at x * = 3.5 m. Figure 8 shows the snapshots of the pressure distribution and This behaviour can be explained by the combination of the two factors:
formation of the higher backstress in the left layer due to the higher fluid filtration, and by the lower fluid loss in the right layer due to the lower leakoff. The dynamics of the net pressure (d) Figure 9 : Dynamics of the net pressure pnet, the backstress σ b and the fracture's half-width in the numerical experiment where the border between layers with different permeabilities is located at x * = 3.5 m. Live in electronic version the backstress and the fracture's half-width supporting this conclusion is demonstrated in Figure 9 .
Remarkable, that in this experiment the fracture's aperture becomes nonconvex. Another interesting feature is the negative pressure that is developed in front of the fast propagating right fracture's tip. This effect is caused by the rapid deformation of the medium during the fracture propagation and by the influence of the deformation velocity of the material to the fluid filtration (see the Second thumb rule in [8] ). This implies that the porous fluid is sucked to the area in front of the fracture's tip from the neighbouring region as the fracture avalanches to the right.
Another scenario of the fracture propagation is realized if we shift the layers' propagates in both layers with some preference to the low-permeable right layer due to the smaller fluid loss because of the lower permeability.
Conclusion and discussion
In this paper we used the numerical model developed in [8] for the simulation of the hydraulic fracture propagation in an inhomogeneous poroelastic medium.
We demonstrate that the in case of the non-constant confining in situ stresses the fracture extends non-symmetrically, i.e. the wing in the layer with the higher confining stress stops whereas the wing in the layer with the lower stress extends. The same effect of the fracture non-symmetry can be reached in case of inhomogeneous physical properties of the reservoir due to the formation of the backstress caused by the pressure of pore fluid. We gave an analytical definition of the backstress and demonstrated the reliability of the definition on a simple example of one-dimensional compression of a poroelastic specimen due to the fluid pressure applied to one side of the specimen.
We performed numerical experiment for fracture propagation in a composite medium such that two neighbouring semi-spaces have different permeabilities.
The fracture is originated in the higher-permeable part and propagates towards the lower-permeable region. As one of two fracture's tips approaches the border between the regions, the fracture either breaks into the low-permeable region or stops depending on the distance between the injection point and the border. In the case of the small distance the fracture avalanches into the low-permeable part such that another fracture's tip in the higher-permeable region stops or even this fracture's wing shuts-in. This behaviour is explained by the lower fluid loss due to the leakoff in the low-permeable reservoir and, as a consequence, by the lower backstress in the low-permeable reservoir. On contrary, if the distance between the injection point and the border between the two layers is large enough, the backstress formation becomes non-symmetrical as the fracture approaches the border. In this case the backstress contrast between the two fracture's wings becomes high and causes the fracture propagation only into the low-permeable reservoir.
The described effects of non-symmertical fracture propagation due to the inhomogeneity of the resrvoir's permeability are explained solely by the action of the backstress. To support this conclusion we performed the same calculation for the case of uncoupled medium where the pore pressure and fluid filtration are not linked with the stress in the reservoir (i.e., the Biot's number is zero: α = 0). In this case the backstress is zero and we obtained almost symmetrical picture of fracture propagation with a small non-symmetry of the two wings explained by the difference of the leakoffs in the two regions.
The non-symmetry of fracture propagation due to the inhomogeneity of confining stresses or the reservoir's physical properties evidences that modelling of fracture propagation within the classical approaches where the pore pressure is not taken into account, can lead to significant errors in the estimation of the parameters of hydraulic fractures.
